Lattice Boltzmann simulations are used to investigate spinodal decomposition in a two-dimensional binary fluid with equilibrium lamellar and droplet phases. We emphasise the importance of hydrodynamic flow to the phase separation kinetics. For mixtures slightly asymmetric in composition the fluid phase separates into bulk and lamellar phases with the lamellae forming distinctive spiral structures to minimise their elastic energy.
I. INTRODUCTION
Complex fluids such as microemulsions, foams, and colloidal suspensions provide a wealth of interesting physical phenomena. Their use is ubiquitous in the processing, energy and chemical industries. Therefore it is important to explore ways in which their properties can be modelled numerically to test physical theories, predict behaviour and provide feedback to industrial planning.
The modelling of complex fluids is not an easy task as both the rheology and the complicated phase behaviour of the fluid must be incorporated. Molecular dynamics simulations, whilst providing an accurate picture of the microscopic physics, are usually too computerintensive to address hydrodynamic time scales. In computational fluid dynamic solutions of the Navier-Stokes equations the specific behaviour of a given fluid can only be input via ad hoc constitutive relations.
Recently new methods of simulating fluid flow have become available. These include lattice-gas cellular automata 1 , dissipative particle dynamics 2 , and lattice Boltzmann simulations 3 . The aim is to reproduce the physics of fluid flow, primarily mass and momentum conservation, while including the important features of the underlying microscopic physics. These approaches have been successfully applied to several complex fluids including polymer solutions 4 , particulate suspensions 5 and microemulsions 1 . However application of the techniques to model complex fluids is still in its infancy and validation of, and comparison between, the different methods is still needed.
In this paper we concentrate on lattice Boltzmann simulations. A fluid is modelled on a mesoscopic length scale by means of distribution functions which evolve according to a discretised version of a simplified Boltzmann equation. The correct equilibrium behaviour is imposed by inputting the correct thermodynamics such that the system evolves to the minimum of a chosen input free energy 6, 7 .
We use the lattice Boltzmann approach to explore the kinetics of phase separation of a model, two-dimensional, fluid with lamellar and droplet equilibrium phases. Our main conclusions are:
1. When the system is quenched to the lamellar phase a glassy metastable state of tangled lamellae forms. However, hydrodynamic flow alleviates the frustration and allows the system to attain the striped ground state.
2. As the concentration of the minority phase is increased the system prefers to phase separate into a lamellar and a one-component phase. The lamellae minimise their free energy by forming a spiral pattern around the one-component hole. Again this state can only be reached by the fluid if hydrodynamic flow is allowed in the system. 
II. MODEL
We consider a two-dimensional binary fluid with components A, B of number density n A , n B respectively. This can be modelled by the Landau free energy
where ϕ = n A − n B is the order parameter of the system and we assume that the total density n = n A + n B is constant. The free energy (1) corresponds to a disordered state at high temperatures (a > 0) and an ordered state at low temperatures (a < 0).
κ is related to the surface tension. For κ sufficiently large the ordered phase consists of two coexisting bulk phases with n A − n B = ±ϕ 0 , the volume of each determined by the initial ratio of n A and n B . As κ is decreased the formation of interfaces becomes favourable but the fluid remains stable because of the positive curvature energy related to ζ in (1). For n A ∼ n B the ordered state is then a striped or lamellar phase with the width of the lamellae being determined by the interface-interface interaction. For n A ≪ n B this is replaced by a phase of circular droplets of A in B with radius determined by the balance between the negative surface tension and the positive curvature free energies of the interfaces.
Thermodynamic properties of the binary fluid follow directly from the free energy (1).
In particular we shall need the chemical potential ∆µ which couples to the density difference
Obtaining the pressure tensor is slightly more complicated 9 . The pressure parallel to the interface follows from (1)
However off-diagonal terms must be added to ensure that the pressure tensor obeys the equilibrium condition
Considering a linear combination of all symmetric tensors having two or four gradient operators shows that a suitable choice is
III. LATTICE BOLTZMANN SIMULATIONS
The aim is to simulate a fluid with equilibrium properties described by the free energy
(1) which obeys the Navier-Stokes and convection-diffusion equations. To this end we use a lattice Boltzmann technique 7 .
We consider a square lattice and define two sets of distribution functions {f i } and {g i } on each lattice site x. Each f i , g i is associated with a lattice vector e i . The results presented in this paper are for a 9-velocity model on a square lattice with
Physical variables are related to the distribution functions through
where u is the mean fluid velocity.
The distribution functions undergo a collision step followed by a streaming step according to the evolution equations
where ∆t is the time step, τ 1 and τ 2 are relaxation parameters, and f Equations (8) and (9) are discrete Boltzmann equations with a BGK collision term 10 .
Following the standard lattice Boltzmann prescription we assume that f 0 i and g 0 i can be expanded as power series in the bulk velocity
The expansion coefficients A, B . . . are determined by
where P αβ and ∆µ are given by (5) and (2) respectively and Γ is a mobility. Note that the conditions (14), (15) , and (17) correspond to local conservation of density, momentum and density difference respectively. Explicit expressions for the expansion coefficients are given in Appendix A.
Expanding (8) and (9) to order (∆t) 2 and using (14)-(19) leads to the macroscopic equations
where
It is apparent from these equations of motion that the fluid will evolve through two competing growth mechanisms. The first of these is diffusion, described by eqn. (22) Consider first (a) which is at a value of κ that corresponds to bulk phase separation and a value of τ 1 that suppresses hydrodynamic flow. After initial transients sharp domains form. These are more elongated than for a system with ζ = 0 but they grow continuously and become more isotropic. An exponent α characterising the growth is commonly defined by
where R(t) is a length scale, which we take as the inverse of the first moment of the circularly averaged structure factor, and t is the time 12 . At late times α converges to 1/3 as expected for Lifshitz-Slyozov diffusive growth in a binary system. Runs at different values of κ indicate that as κ is decreased an increasingly long time is taken to reach the 1/3 regime 11 .
For κ < κ c ∼ −0.8 there is a qualitative change in the behaviour of the system as shown in Figure 1b . These results were obtained for the same value of τ 1 but with κ = −0.85 where the equilibrium is the lamellar state. Now the system forms portions of lamellae of width approximately equal to the equilibrium value. These lamellae are tangled in a way that depends on the initial conditions. The diffusive growth to the tangled phase is slow, possibly logarithmic, and once the glassy phase has been reached there is no further discernable movement on the time-scale of the simulation. For smaller κ the lamellae are thinner and the system freezes sooner.
Remaining with the value κ = −0.85 we then ran the same simulation (starting from the same initial conditions) for τ 1 = 0.585. The lower value of τ implies a lower viscosity and the possibility of hydrodynamic flow at earlier times. The initial behaviour was the same as for case (b) with a glassy lamellar phase being formed. However at a later time t there was a significant change in the domain pattern. This is most easily seen from the snapshots in Figure 1c where it is apparent that the topological frustration of the glassy phase is being removed and the lamellae are lining up in the global equilibrium state.
An example of the effect of hydrodynamic flow on the defects is shown in Figure 2 . The lamellae are initially too wide. Hydrodynamic forces tend to lengthen them causing the broken lamellar to join and the stripes to buckle. At high viscosities the defect does not disappear.
V. 60:40 COMPOSITION: SEPARATION TO COEXISTING LAMELLAR AND BULK PHASES
We next consider a concentration ratio n A : n B = 60 : 40. Now there is too little of the B-phase to form lamellae of the correct width throughout the system. We shall show that the equilibrium state corresponds to phase separation into a lamellar region coexisting with a bulk A-phase. As before equilibrium can only be reached with the help of hydrodynamic flow.
Simulations were again run at different values of τ 1 and κ to provide a comparison.
Snapshots of the time evolution are shown in Figure 3 for the same parameters as those used for the symmetric mixture considered in Section IV. Figure 4 is a double logarithmic plot of the variation of the domain size with time comparing the growth in the three different cases.
Column (a) of Figure 3 shows the path to bulk phase separation for κ = 0.1. Droplets form by spinodal decomposition and then grow by Lifshitz-Slyozov diffusion. The curvature term in the free energy becomes less important for larger droplets and they become more circular. The data in Figure 4 is consistent with the expected growth exponent α = 1/3 at late times. Evidence that this droplet state is metastable is provided when the same simulation is run with a low viscosity. Bulk fluid flow now allows the droplets to join to form lamellae and align. A surprising amount of movement is seen leading to the growth process shown in Figure 3c . In Figure 4 the onset of hydrodynamic flow in this system is marked by a rather sharp increase in the measured length scale.
The final state is coexistence between a lamellar and a bulk A-phase. The lamellae order in a distinctive spiral around the hole of A-phase, to minimise the elastic free energy which would be generated by incorrect lamellar spacings.
Finally we remark that very similar results were obtained for a concentration ratio of n A : n B = 70 : 30.
VI. 90:10 COMPOSITION: THE DROPLET PHASE
Finally we describe phase separation in a highly asymmetric binary fluid with n A : n B = 90 : 10. Now the equilibrium for κ sufficiently negative comprises droplets of B in A. Runs for a low viscosity and negative κ showed a negligible influence of hydrodynamics on growth for this concentration. This is as expected. Hydrodynamic flow can act to make a droplet circular because of the pressure difference between points of different curvature.
However once the drops are circular hydrodynamic flow cannot directly lead to droplet coalescence although it may speed up the diffusive growth 13 .
VII. CONCLUSIONS
We have shown that there is a wealth of interesting behaviour as even rather simple structured fluids attain equilibrium. Competition between diffusive and hydrodynamic modes lead to final states dependent on the dynamic parameters of the system. In particular we have emphasised that hydrodynamic flow is often important in allowing a system to reach its equilibrium state.
The results were obtained using lattice Boltzmann simulations. The approach has two particular advantages in this context. Firstly equilibrium is determined by a free energy which is an intrinsic part of the simulation so the structure of the equilibrium state can be chosen rather naturally. Secondly the viscosity of the fluid can be tuned over a wide range.
We caution however that the lattice Boltzmann evolution is not described by an H-theorem and thus no proof exisits that the path to equilibrium is a physical one.
Lattice Boltzmann simulations do not intrinsically include noise although this can be added in an ad hoc way. An important question is whether such fluctuations can relax the disordered lamellar states. We ran simulations aimed at investigating this but found no effect of noise on the glassy structure. In real two-dimensional smectics fluctuations destroy the lamellar order. However, for this model we expect a stable lamellar phase, both because of the lack of fluctuations and because we impose a mean-field free energy.
Our There are many questions that remain to be considered. These include the effect of confinement or shear on the phase separation, dynamical asymmetry in the viscosities of the two fluid components, and the rôle of a very low diffusivity, which has been shown to alter the path to bulk phase separation in binary fluids 16 . Work is in progress to include a surfactant as a third phase rather than modelling its effect by changing the surface tension.
Extensions to three dimensions are highly desirable. These are feasible but at the limit of current numerical resources. 
